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Based on standard perturbation theory, we present a full quantum derivation of the formula for
the orbital magnetization in periodi systems. The derivation is generally valid for insulators with
or without a Chern number, for metals at zero or nite temperatures, and at weak as well as strong
magneti elds. The formula is shown to be valid in the presene of eletron-eletron interation,
provided the one-eletron energies and wave funtions are alulated self-onsistently within the
framework of the exat urrent and spin density funtional theory.
Magnetism is one of the most important properties of
materials. Both spin and orbital motion of eletrons an
ontribute to the total magnetization. While the spin
magnetization an already be alulated from rst prin-
iples with high auray by state-of-art methods suh as
the spin density funtional theory (SDFT), the study of
orbital magnetization is still in a omparatively primitive
stage.
A rst diulty arises from the fat that there is
still no theoretially well established formula for alu-
lating the orbital magnetization of a rystalline solid.
The non-loality of the orbital magnetization operator
Mˆ = −erˆ× υˆ is the major obstale to obtaining a losed
formula for an extended periodi system. Reently, Xiao
et al. [1℄ and, independently, Thonhauser et al. [4, 5℄
obtained an orbital magnetization formula whih avoids
the non-loality problem and looks very promising for
appliations. However, up to date, there exists no gen-
eral quantum mehanial derivation of this formula. The
derivation presented in Ref. [1℄ relies on the semi-lassial
wave-paket dynamis of Bloh eletrons [1, 2, 3℄, and its
validity in the quantum ontext is not ompletely lear.
On the other hand, the derivation presented in Ref. [4℄ is
quantum mehanial, but relies on the existene of loal-
ized Wannier funtions, and annot be easily generalized
to metals or insulators with non-zero Chern number. In
addition, both derivations are limited to non-interating
systems. The shortomings of these approahes all for
a full quantum mehanial and many-body theory of the
orbital magnetization.
A seond diulty is that a rst priniple alulation
of the orbital magnetization (taking into aount many-
body eets) should be based on the spin urrent den-
sity funtional theory (SCDFT) [7℄, rather than the on-
ventional SDFT. Unfortunately, SCDFT has been hin-
dered so far by the lak of reliable expressions for the
magnetization-dependent eetive potentials. This may
partly explain why the orbital moments of ferromagneti
transition metals suh as Fe, Co, and Ni alulated in
SCDFT were found to be signiantly smaller than the
experimentally determined values [11℄. How problemati
these alulations are is well explained in the review ar-
tile by Rihter [12℄. The situation, however, has been
rapidly hanging in reent years. The advent of opti-
mized eetive potentials [13, 14℄ whih treat exhange
exatly and may systematially be improved for orrela-
tions opens new avenues to the study of magneti mate-
rials. Appliations to atoms and moleules have already
appeared in the literature, and appliations to periodi
systems are the obvious next step.
Against this bakground, the present Letter serves a
dual purpose. First, we present a general derivation
of orbital magnetization in periodi systems based on
the standard perturbation theory of quantum mehan-
is. The derivation laries the origin of the novel as-
pets of the semi-lassial derivation, suh as the Berry
phase orretion to the density of states. It is gener-
ally valid for metals and insulators with or without a
Chern number, at zero or nite temperatures, in weak
or strong magneti eld, and, of ourse, in the presene
of spin-orbit oupling. Seond, and most important, we
ombine this derivation with the exat urrent and spin
density funtional theory [6, 7℄, proving the validity of
the magnetization formula for interating systems. We
believe that the magnetization formula, in ombination
with the reent advanes the onstrution of optimized
eetive potential for SCDFT, will turn out to be a pow-
erful pratial tool for the study of systems that have
long deed traditional ab-initio methods. [12℄
We start from the standard thermodynami denition
of the orbital magnetization density:
M = −
1
V
(
∂Ω
∂B
)
T,µ
, (1)
where Ω = E − TS − µN is the grand thermodynami
potential, V is the total volume of the system, and B
is a magneti eld that only ouples to the orbital mo-
tion of eletrons (but does not ontribute to the Zeeman
energy) [18℄. For onveniene of derivation, we will rst
alulate the auxiliary quantity
M˜ ≡ −
1
V
(
∂K
∂B
)
T,µ
, (2)
where K = E − µN . We haveM = M˜ + T (∂S/∂B)T,µ
and, making use of the Maxwell relation (∂S/∂B)T,µ =
2(∂M/∂T )µ,B, we have the simple relation bak to the
orbital magnetization:
∂(βM)
∂β
= M˜ , (3)
where β ≡ 1/kT .
In priniple, one an evaluate M˜ by employing the
standard perturbation theory of quantum mehanis to
alulate the energy orretion due to a uniform mag-
neti eld. However, suh an approah will again hit the
diulty of the non-loality of the orbital magnetization
operator. To go around the diulty, we apply an ex-
ternal magneti eld that has an innitely slow spatial
variation [8, 9℄:
B(r) = B cos(qy) zˆ (4)
The slow spatial variation of the eld is ontrolled by the
wave vetor q, whih will tend to zero at the end of the
alulation. The orretion to the energy density in this
situation an be written, up to linear order in B, as
δK(r) = −M˜ ·B(r). (5)
We an then read out M˜ , and take the limit of q → 0
for a uniform magneti eld.
Non-interating periodi systemsFor larity, we rst
arry out the perturbation alulation for non-interating
periodi systems. The single-partile Hamiltonian an
be expanded as Hˆ = Hˆ0 + VˆB , where Hˆ0 is the un-
perturbed Hamiltonian, whih yields the band disper-
sion ǫnk and the orresponding Bloh wave funtion
ψnk(r) = exp (ik · r)unk(r), and VˆB denotes the ou-
pling to the external magneti eld:
VˆB =
e
2
[υˆ ·A(r) +A(r) · υˆ] , (6)
where υˆ is the veloity operator, and A(r) is the vetor
potential
A(r) = −B
sin qy
q
xˆ, (7)
whih orresponds to the magneti eld disussed ear-
lier. It is natural to dene the grand-anonial ensemble
energy density as K(r) =
∑
nk fnkRe{ψ
∗
nk(r)Kˆψnk(r)},
where Kˆ = Hˆ−µNˆ , and fnk are the oupation number
of the single-eletron states of band index n and rystal-
momentum k [19℄. To rst order in the perturbation,
three kinds of terms arise from hanges in the oupa-
tion number, the operator Kˆ, and the wave funtion:
δK(r) = Re
∑
nk
{
δfnkψ
∗
nkKˆ0ψnk + fnkψ
∗
nkVˆBψnk
+fnk
(
ψ∗nkKˆ0δψnk + δψ
∗
nkKˆ0ψnk
)}
. (8)
The orbital magnetization an be determined from the
appropriate Fourier omponent of the energy density, i.e.,
M˜z = −
2
V B
∫
drδK(r) cos qy. (9)
It is easy to verify that the rst two terms of Eq. (8)
does not ontribute to M˜z, and only the ontribution
from the hange of the wave funtions remains. The rst
order perturbation to the wave funtion reads:
δψnk(r) = −
eB
4iq
∑
n′
{
ei(k+q)·r |un′k+q〉 〈un′k+q | υˆx(k) + υˆx(k + q) |unk〉
ǫnk − ǫn′k+q
− (q → −q)
}
, (10)
where υˆ(k) ≡ ∂Hˆ0(k)/∂(~k) is the veloity operator, and Hˆ0(k) is dened from the unperturbed Hamiltonian by
shifting the momentum operator with ~k. The transformed Hamiltonian ats on the periodi funtions, with unk
being its eigenfuntions and the band energy ǫnk its eigenvalues. Making use Eqs. (810), we have:
M˜z =
e
4q
Im
∑
nn′k
(ǫnk + ǫn′k+q − 2µ) 〈unk |un′k+q〉 〈un′k+q | υˆx(k) + υˆx(k + q) |unk〉
ǫnk − ǫn′k+q
(fnk − fn′k+q). (11)
Taking the long-wavelength limit q → 0, we obtain:
M˜z =
e
2
Im
∑
n6=n′k
(ǫnk + ǫn′k − 2µ) 〈unk | ∂un′k/∂ky〉 〈un′k | υˆx(k) |unk〉
ǫnk − ǫn′k
(fnk − fn′k)
+ e
∑
nk
(ǫnk − µ)Im
[
υnx (k)
〈
unk
∣∣∣∣ ∂unk∂ky
〉
+
〈
∂unk
∂ky
∣∣∣∣ υˆx(k)
∣∣∣∣unk
〉
+
1
2
〈
unk
∣∣∣∣ ∂υˆx(k)∂ky
∣∣∣∣unk
〉]
f ′nk, (12)
where f ′nk ≡ ∂f(ǫnk)/∂ǫnk. The seond term omes from the intra-band ontribution with n = n
′
. Eq. (12) an be
further simplied with the help of the relations 〈un′k | υˆx(k) |unk〉 = (1/~)(ǫnk − ǫn′k) 〈un′k | ∂unk/∂kx〉 for n 6= n
′
,
3and Im[. . . ] = (1/~)Im〈∂unk/∂ky|ǫn(k) − Hˆ0(k)|∂unk/∂kx〉, where [. . . ] denotes the expression inside the square
braket in Eq. (12). Combining these relations, and generalizing the result to the other omponents of M˜ , we obtain
nally:
M˜ = −
e
2~
i
∑
nk
{〈
∂unk
∂k
∣∣∣∣
[
ǫn(k) + Hˆ0(k)− 2µ
]
×
∣∣∣∣ ∂unk∂k
〉
fnk − (ǫnk − µ)
〈
∂unk
∂k
∣∣∣∣ [ǫn(k)− Hˆ0(k)]×
∣∣∣∣ ∂unk∂k
〉
f ′nk
}
.
(13)
The auxiliary and proper orbital magnetization be-
ome the same at zero temperature. In this ase, the
seond term in the above expression Eq. (13) vanishes
beause f ′ beomes a δ-funtion of (ǫnk −µ). The result
is in perfet agreement with the semilassial formula of
zero temperature orbital magnetization of Xiao et al. [1℄.
For nite temperatures, we integrate Eq. (3) and obtain:
M =
∑
nk
{
mn(k)fnk +
e
~
Ωn(k)
1
β
ln
(
1 + e−β(ǫnk−µ)
)}
,
(14)
where mn(k) ≡ (e/2~)i〈∇kunk|[ǫn(k) − Hˆ0(k)] ×
|∇kunk〉 is the orbital moment of state n,k and Ωn(k) ≡
i 〈∇kunk | × |∇kunk〉 is the Berry urvature. The same
expression was also obtained in Ref. [10℄.
Thus, all the previously known results are reovered
by our fully quantum mehanial formalism. These
results are valid not only for insulators with or without
a Chern number, but also for metals at zero or nite
temperatures. This implies that the semi-lassial results
are in general valid to linear order in the external elds.
In hindsight, this should have been expeted, beause
the semilassial theory is designed to be exat in the
limit of long length sales in the perturbation to the
Hamiltonian. In our ase, this length sale (through the
vetor potential) does diverge in the limit of vanishing
magneti eld.
Generalization to interating systems  It is very de-
sirable to generalize the above results to an interating
system. This an be done exatly within the framework
of the urrent and spin density funtional theory (CS-
DFT) [6, 7℄. CSDFT is a generalization of the spin den-
sity funtional theory whih inludes the urrent density
as an independent variable for the energy funtional and
thus provides diret aess, via a variational priniple of
the Hohenberg-Kohn type, to the urrent density and the
orbital magnetization of the thermodynami equilibrium
ensemble [11℄. Following the formalism of Ref. [7℄, the
many-body problem an be redued to solving an ee-
tive one-body Shrödinger equation:[
1
2m
(−i~∇+ eA′σ(r))
2
+ V ′σ(r)
]
ψiσ(r) = ǫiσψ(r),
(15)
with
V ′σ =Vσ + VH + Vxcσ +
e2
2m
(
A2σ −A
′2
σ
)
, (16)
A′σ =Aσ +Axcσ. (17)
Here Vσ and Aσ are the external salar and vetor po-
tential, respetively, ating on the σ omponent of the
spin (σ =↑ or ↓); VH = e
2
∫
dr′n(r′)/|r − r′| is the
Hartree potential, and Vxcσ and Axcσ are the exhange-
orrelation (x) salar and vetor potentials derived
from the x energy funtional Ωxc[nσ, jpσ] aording to
the formulas Vxcσ = δΩxc/δnσ, eAxcσ = δΩxc/δjpσ.
The density, nσ(r), and the paramagneti urrent den-
sity, jpσ(r) are to be determined self-onsistently from
the solutions of the above equation aording to the
formulas nσ(r) =
∑
i |ψiσ(r)|
2f(ǫiσ) and jpσ(r) =
(−i~/2m)
∑
i[ψ
∗
iσ(r)∇ψiσ(r) − ∇ψ
∗
iσ(r)ψiσ(r)]f(ǫiσ).
At nite temperature, the thermodynami potential
funtional an be written as [7℄:
Ω = −
1
β
∑
iσ
ln
[
1 + e−β(ǫiσ−µ)
]
−
1
2
e2
∫ ∫
drdr′
n(r)n(r′)
|r − r′|
−
∑
σ
∫
drnσ(r)Vxcσ(r)
− e
∑
σ
∫
drjpσ(r) ·Axcσ(r) + Ωxc[nσ, jpσ], (18)
whih is a funtional of four elds: the densities nσ and
jpσ, and the external potentials Vσ and Aσ  the last two
enter the expression through the eigenvalues ǫiσ.
To alulate the orbital magnetization one needs to
evaluate the variation δΩ of the thermodynami potential
in response to a variation of the external magneti eld,
whih, in turn, is generated by a variation in the external
vetor potentials δAσ. In general, δΩ an be separated
into two ontributions: the primary one (δΩ|nσ ,jpσ ) arises
diretly from the variation of the vetor potentials, keep-
ing nσ and jpσ onstant at their unperturbed values; the
seondary one (δΩ|Vσ,Aσ ) might arise from the hanges of
nσ and jpσ at onstant external potentials (these hanges
would aet Ω via the modiation of the eetive po-
tentials VH , Vxcσ and Axcσ):
δΩ = δΩ|nσ ,jpσ + δΩ|Vσ,Aσ . (19)
It is easy to see that δΩ|nσ ,jpσ ontributes an orbital
magnetization that is exatly given by Eq. (14), as if the
system were a noninterating system with eigenfuntions
and eigenvalues determined by Eq. (15). This is beause
the variation of the external vetor potential aets only
the eigenvalues ǫiσ in the one-body term of Eq. (18).
To evaluate δΩ|Vσ ,Aσ it is suient to observe that for
given external potentials the thermodynami potential Ω
4is stationary against small hanges of the density and
the urrent about their equilibrium values: δΩ/δnσ =
δΩ/δjpσ = 0.
Thus we have
δΩ|Vσ,Aσ = 0. (20)
We then onlude that in the ontext of the CSDFT,
we an treat the system as an eetive one-body system,
and use Eq. (14) to alulate the orbital magnetization,
albeit using the dispersion and wave-funtions derived
from Eq. (15).
We stress that this onlusion would not hold true
if the one-eletron orbitals and their energies were
alulated within the framework of the ordinary density
funtional theory [15℄ (as opposed to CSDFT). In suh
a formulation the x energy funtional would be a
funtional of density and magneti eld: Ωxc[nσ,B].
Then the formula for the orbital magnetization would
inlude a funtional derivative of Ωxc with respet to B,
at variane to the one-eletron formula of Eq. (14).
Finite elds  Our formula an be applied rigorously
to nite magneti elds if these elds are rational in the
sense that uxes through the faes of a unit ell are fra-
tional multiples of the ux quantum h/e. In this ase, one
an dene Bloh like eigen-states with respet to mag-
neti translations, whih are ordinary translations on the
rystal ombined with gauge transformations. Orbital
magnetization at suh a eld an then be alulated per-
turbatively by adding a small hange δB to this eld.
Both the semilassial theory and quantum perturbation
with respet to δB give the same expression for the or-
bital magnetization, provided we use the magneti Bloh
wavefuntions as a basis. Like wise, the CSDFT an also
be formulated for systems with periodi boundary ondi-
tions with respet to magneti translations, so the justi-
ation of our results for interating systems is straightfor-
ward [7℄. Indeed, urrent density funtional theory has
been used to study the formation of an eletron rystal
(Wigner rystal) at very high magneti eld [16℄.
The situation for irrational elds is a bit triky if
one insists on rigorous results [17℄. One may onsider
an irrational eld as a limit of sequene of rational
elds. This is possible if the magnetization depends
on the eld ontinuously, whih is expeted to be the
ase when the temperature is nite. Indeed, when the
fast de Haas-van Alphen osillations are smeared out,
the average magnetization hanges ontinuously with
the Fermi energy [17℄. For a xed Fermi energy, the
average magnetization also hanges ontinuously with
the magneti eld. Therefore, we expet that the average
magnetization is a ontinuous funtion of magneti eld
at a xed density of eletrons.
In summary, we have presented a full quantum deriva-
tion of the orbital magnetization formula. The derivation
is generally valid for insulators with or without a Chern
number, for metals at zero or nite temperatures, and at
weak as well as strong magneti elds. We also nd that
the resulting formula is diretly appliable to interat-
ing systems provided one uses one-eletron energies and
wave funtions obtained from the self-onsistent solution
of the Kohn-Sham equation of urrent and spin-density
funtional theory.
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